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The topological derivative provides the sensitivity of a given cost function with respect to the insertion of a hole at an
arbitrary point of the domain. Classically, this derivative comes from the second term of the topological asymptotic expan-
sion, dealing only with inﬁnitesimal holes. However, for practical applications, we need to insert holes of ﬁnite size. There-
fore, we consider one more term in the expansion which is deﬁned as the second order topological derivative. In order to
present these ideas, in this work we apply the topological-shape sensitivity method as a systematic approach to calculate
ﬁrst as well as second order topological derivative for the Poisson’s equations, taking the total potential energy as cost
function and the state equation as constraint. Furthermore, we also study the eﬀects of diﬀerent boundary conditions
on the hole: Neumann and Dirichlet (both homogeneous). Finally, we present some numerical experiments showing the
inﬂuence of the second order topological derivative in the topological asymptotic expansion, which has two main features:
it allows us to deal with hole of ﬁnite size and provides a better descent direction in optimization process.
 2006 Elsevier Ltd. All rights reserved.
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The topological derivative provides the sensitivity of a given cost function with respect to the insertion of an
inﬁnitesimal hole at an arbitrary point of the domain (Ce´a et al., 2000; Eschenauer et al., 1994; Novotny et al.,
2003; Sokolowski and _Zochowski, 1999). This derivative has been used as a descent direction to solve several
problems, among others: topology optimization and inverse problems (Amstutz, 2005; Amstutz et al., 2005;
Eschenauer and Olhoﬀ, 2001; Feijo´o et al., 2003, in press; Garreau et al., 2001; Lewinski and Sokolowski,
2003; Novotny et al., 2005; Samet et al., 2003). Classically, the topological derivative comes from the second
term of the topological asymptotic expansion, dealing only with inﬁnitesimal holes. However, for practical
applications, we need to insert holes of ﬁnite size. Therefore, as a natural extension of the topological deriv-
ative concept, we can consider higher order terms in the expansion. In particular, we deﬁne the next one as the
second order topological derivative. This term provides a more accurate estimation for the size of the holes0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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(see, for instance, Ce´a et al., 2000). These features are essential in the context of topology optimization and
inverse problems, for instance.
In order to present the basic idea, let us consider an open bounded domain X  R2, with a smooth bound-
ary oX and a cost function w(X). If the domain X is perturbed by introducing a small hole Be of radius e at an
arbitrary point x^ 2 X, we have a new domain Xe ¼ X n Be, whose boundary is denoted by oXe = oX [ oBe.
From these elements, the topological asymptotic expansion of the cost function may be expressed aswðXeÞ ¼ wðXÞ þ f1ðeÞDTwþ f2ðeÞD2TwþRðf2ðeÞÞ; ð1Þ
where f1(e) and f2(e) are positive functions that decreases monotonically such that f1(e)! 0, f2(e)! 0 when
e! 0+ andlime!0
f2ðeÞ
f1ðeÞ ¼ 0; lime!0
Rðf2ðeÞÞ
f2ðeÞ ¼ 0: ð2ÞDividing Eq. (1) by f1(e) and after taking the limit e! 0 we obtainDTw ¼ lime!0 wðXeÞ  wðXÞf1ðeÞ ; ð3Þwhere term DTw is classically deﬁned as the (ﬁrst order) topological derivative of w. In addition, if we divide
Eq. (1) by f2(e) and after taking the limit e! 0, we can recognize term D2Tw as the second order topological
derivative of w, which is given byD2Tw ¼ lime!0
wðXeÞ  wðXÞ  f1ðeÞDTw
f2ðeÞ : ð4ÞIn this work we apply the topological-shape sensitivity method developed in Novotny et al. (2003) as a sys-
tematic approach to calculate ﬁrst as well as second order topological derivative for the Poisson’s equations,
taking the total potential energy as cost function and the state equation as constraint. Furthermore, we also
study the eﬀects of diﬀerent boundary conditions on the hole: Neumann and Dirichlet (both homogeneous).
Finally, we present some numerical experiments showing the inﬂuence of the second order topological deriv-
ative in the topological asymptotic expansion, which has two main features: it allows us to deal with hole of
ﬁnite size and provides a better descent direction in optimization process.2. Topological-shape sensitivity method
In Novotny et al. (2003) was proposed an alternative procedure to calculate the (ﬁrst order) topological
derivative called topological-shape sensitivity method. This approach makes use of the whole mathematical
framework (and results) developed for shape sensitivity analysis (see, for instance, the pioneering work of
Murat & J. Simon (1976)). The main result obtained in Novotny et al. (2003) is given by the following
theorem:
Theorem 1. Let f1(e) be a function chosen in order to 0 < jDTwj <1, then the (first order) topological derivative
given by Eq. (3) can be written as1 d
DTw ¼ lime!0 f 01ðeÞ de
wðXeÞ; ð5Þwhere the derivative of the cost function with respect to the parameter e may be seen as its classical shape sen-
sitivity analysis.
A remarkable fact concerning the topological-shape sensitivity method is that it can be easily extended to
calculate higher order topological derivatives. In particular, following the same idea presented in Theorem 1, it
is straightforward to show that:
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derivative is given byD2Tw ¼ lime!0
1
f 02ðeÞ
d
de
wðXeÞ  f 01ðeÞDTw
 
: ð6ÞIn general the cost function wðXÞ :¼ JXðuÞ may depends explicitly and implicitly on the domain X. This
last dependence comes from the solution of a variational problem associated to X: ﬁnd u 2 UðXÞ, such thataðu; gÞ ¼ lðgÞ 8g 2VðXÞ; ð7Þ
where UðXÞ andVðXÞ, respectively, are the sets of admissible functions and admissible variations deﬁned on
X and að; Þ : UV! R is a bilinear form and lðÞ :V! R is a linear functional, which will be character-
ized later according to the problem under analysis. Likewise, the state equation written in the original conﬁg-
uration X (without hole) must also be satisﬁed in the perturbed conﬁguration Xe (with the introduction of a
hole at point x^ 2 X). Therefore, we have the following variational problem associated to Xe: ﬁnd ue 2 UeðXeÞ,
such thataeðue; gÞ ¼ leðgÞ 8g 2VeðXeÞ; ð8Þ
where aeð; Þ : Ue Ve ! R, leðÞ :Ve ! R and UeðXeÞ and VeðXeÞ, respectively, are the sets of admissible
functions and admissible variations deﬁned on Xe, which will also be deﬁned later according to the problem
under analysis, the boundary condition on the hole and also the order of the topological derivative which is
being calculated.
Formally, the shape derivative of the cost function wðXeÞ :¼ JXeðueÞ in relation to the parameter e reads
Calculate : d
deJXeðueÞ
Subject to : aeðue; gÞ ¼ leðgÞ 8g 2VeðXeÞ

: ð9ÞIn general, this derivative can be expressed asd
de
JXeðueÞ ¼
Z
oXe
Ren  vdS; ð10Þwhere n is the outward normal unit vector and Re can be interpreted as a generalization of the Eshelby energy-
momentum tensor (Eshelby, 1975; Gurtin, 2000; Taroco and Feijo´o, 2006). As a consequence, tensor Re plays
a central role in the topological-shape sensitivity method and should be clearly identiﬁed according to the
problem under consideration. In addition, the shape change velocity v may be deﬁned on the boundary oXe
as (Zole´zio, 1981; Ce´a, 1981)v ¼ n on oBe;
v ¼ 0 on oX:

: ð11ÞThen, only the part of the boundary oXe associated to oBe is submitted to a perturbation (a uniform expansion
of the ball Be in this case). Thus, the shape derivative of the cost function, given by Eq. (10), results in an inte-
gral on the boundary oBe. Therefore, considering Theorem 1, the (ﬁrst order) topological derivative can be
written asDTw ¼ lime!0 1f 01ðeÞ
Z
oBe
Ren  ndS: ð12ÞAnalogously, from Theorem 2, the second order topological derivative results inD2Tw ¼ lime!0
1
f 02ðeÞ
Z
oBe
Ren  ndS þ f 01ðeÞDTw
 
: ð13ÞIn order to calculate the limit e! 0, we need to make an asymptotic analysis to estimate the behavior of the
solution in the neighborhood of the hole.
J.R. de Faria et al. / International Journal of Solids and Structures 44 (2007) 4958–4977 49613. Topological derivative for Poisson’s problem
In this section we will calculate the topological derivative for steady-state heat conduction considering
homogeneous Neumann and Dirichlet boundary conditions on the hole and adopting the total potential ener-
gy as cost function.
The variational formulation of the problem associated to the original domain X can be stated as: ﬁnd
u 2 UðXÞ, such thatZ
X
ru  rgdV þ
Z
CN
qgdS ¼ 0 8g 2VðXÞ; ð14Þwhere UðXÞ and VðXÞ are, respectively, deﬁned, for n choosing in order to ensure a suﬃcient regularity of
function u, asUðXÞ :¼ fu 2 HnðXÞ : ujCD ¼ ug; VðXÞ :¼ fg 2 HnðXeÞ : gjCD ¼ 0g; ð15Þ
In addition, oX ¼ CD [ CN with CD \ CN = ;, when CD and CN are Dirichlet and Neumann boundaries,
respectively. Thus u is a Dirichlet data on CD and q is a Neumann data on CN, both assumed to be smooth
enough.
Now, let us state the variational problem associated to the perturbed domain Xe, that is: ﬁnd ue 2 UeðXeÞ,
such thatZ
Xe
rue  rgedV þ
Z
CN
qge dS ¼ 0 8ge 2VeðXeÞ; ð16Þwhere UeðXeÞ and VeðXeÞ are given, respectively, by
UeðXeÞ :¼ fue 2 UðXeÞ : auejoBe ¼ 0g; VeðXeÞ :¼ fge 2VðXeÞ : agejoBe ¼ 0g; ð17Þwith a 2 {0,1}. This notation should be interpreted as follows: when a = 1, ue = 0 and ge = 0 on oBe, and when
a = 0, ue and ge are free on oBe. Therefore, according to the values of a, we have homogeneous Dirichlet or
Neumann boundary condition on the hole.
As already mentioned, the total potential energy associated to the problem under analysis is adopted as cost
function, that iswðXeÞ ¼ JXeðueÞ ¼
1
2
Z
Xe
jruej2 dV þ
Z
CN
que dS: ð18ÞConsidering the Reynold’s transport theorem and the concept of material derivative of spatial ﬁeld (see for
instance Gurtin, 1981) the Eshelby tensor Re is given byRe ¼ 12jruej2I ðrue rueÞ: ð19Þ
The gradient $ue deﬁned on the boundary oBe can be decomposed into a normal and tangential components,
that isðrue  nÞn ¼ oueon n and ðrue  tÞt ¼
oue
ot
t; ð20Þwhere n and t are, respectively, the normal and tangential unit vectors, which deﬁne a curvilinear coordinate
system on the boundary oBe. Therefore, substituting Eq. (19) in Eqs. (12) and (13) and after a simple manip-
ulation, we, respectively, obtain the following results:DTw ¼  lim
e!0
1
f 01ðeÞ
Z
oBe
1
2
oue
ot
 2
 oue
on
 2" #
dS; ð21Þand
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1
f 02ðeÞ
Z
oBe
1
2
oue
ot
 2
 oue
on
 2" #
dS þ f 01ðeÞDTw
( )
: ð22ÞFinally, in order to calculate the ﬁnal expression for DTw and D
2
Tw, we need to know the behavior of the solu-
tion ue in the neighborhood of the hole. Therefore, from an asymptotic analysis of ue, whose justiﬁcation is
given in Appendix A (Guillaume and Sid Idris, 2002; Kozlov et al., 1999; Maz’ya et al., 2000), we can choose
functions f1(e) and f2(e) depending on each type of boundary condition on oBe, that allow us to calculate the
limit e! 0 in Eqs. (21) and (22).
3.1. Neumann boundary condition on the hole
Taking a = 0 in Eq. (16), we have homogeneous Neumann boundary condition on the hole. Then, the fol-
lowing asymptotic expansion holds (see Appendix A)ueðxÞ ¼ uðxÞ þ e
2
kx bxk2ruðbxÞ  ðx bxÞ þ e
4
2kx bxk4rruðbxÞðx bxÞ  ðx bxÞ þ Oðe2Þ: ð23Þ
In addition, from Eq. (21), we haveDTw ¼  lim
e!0
1
f 01ðeÞ
Z
oBe
1
2
oue
ot
 2
dS: ð24ÞThus, considering the expansion given by Eq. (23) in Eq. (24), we observe that f1(e) = pe
2, Then, after com-
puting the limit e! 0, we get the ﬁnal expression for the ﬁrst order topological derivative, which is given byD w ¼ ruðbxÞ  ruðbxÞ 8bx 2 X; for f ðeÞ ¼ pe2: ð25ÞT 1
Remark 3. The result given by Eq. (25) can be continuously extended to the boundary with homogeneous
Neumann condition (Novotny, 2003), thenDTw ¼ ruðbxÞ  ruðbxÞ 8bx 2 oX for f 1ðeÞ ¼ 12pe2: ð26Þ
Furthermore, according to Eq. (22), we haveD2Tw ¼  lime!0
1
f 02ðeÞ
Z
oBe
1
2
oue
ot
 2
dS þ f 01ðeÞDTw
" #
: ð27ÞTaking into account Eqs. (23) and (25) in Eq. (27) and choosing f2(e) = p e
4, we can calculate limit e! 0 to
obtain the ﬁnal expression for the second order topological derivative, that isD2Tw ¼ 
1
4
rruðbxÞ  rruðbxÞ  1
2
tr2rruðbxÞ  8bx 2 X for f 2ðeÞ ¼ pe4; ð28Þand since Du = 0 in X, we ﬁnally obtainD2Tw ¼
1
2
detrruðbxÞ 8bx 2 X for f 2ðeÞ ¼ pe4: ð29Þ3.2. Dirichlet boundary condition on the hole
Taking a = 1 in Eq. (16), we have homogeneous Dirichlet boundary condition on the hole. Then, the
following asymptotic expansion holds (see Appendix A)ueðxÞ ¼ uðxÞ  uðbxÞ 1 logðkx bxk=eÞ
logðR=eÞ
 
þ e
2
kx bxk2ruðbxÞ  ðx bxÞ þ Oðe2Þ; ð30Þ
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According to Eq. (21), we haveDTw ¼ lim
e!0
1
f 01ðeÞ
Z
oBe
1
2
oue
on
 2
dS: ð31ÞThus, considering the expansion given by Eq. (30) in Eq. (31), we observe thatf1ðeÞ ¼  p
log e
; and since R e; logðR=eÞ ’  log e: ð32ÞThen, after computing the limit e! 0, we get the ﬁnal expression for the ﬁrst order topological derivative,
which is given byD w ¼ u2ðbxÞ 8bx 2 X for f ðeÞ ¼  p : ð33ÞT 1 log e
Remark 4. The result given by Eq. (33) cannot be continuously extended to the boundary. In fact, the ﬁrst
order topological derivative calculated on the boundary with homogeneous Dirichlet condition is given by
Novotny, 2003DTw ¼ ruðbxÞ  ruðbxÞ 8bx 2 oX for f 1ðeÞ ¼ 12 pe2: ð34Þ
In addition, from Eq. (22), we haveD2Tw ¼ lime!0
1
f 02ðeÞ
Z
oBe
1
2
oue
on
 2
dS  f 01ðeÞDTw
" #
: ð35ÞTaking into account Eqs. (30) and (33) in Eq. (35) and choosing f2(e) = p e
2, we can calculate limit e! 0 to
obtain the ﬁnal expression for the second order topological derivative, that isD2Tw ¼ ruðbxÞ  ruðbxÞ 8bx 2 X for f 2ðeÞ ¼ pe2: ð36Þ
4. Numerical experiments
In this work the topological-shape sensitivity method has been used as a systematic procedure to calculate
the ﬁrst (Theorem 1) and the second (Theorem 2) order topological derivatives for the Poisson’s problem, tak-
ing the total potential energy as cost function and the state equation as constraint. Furthermore, two bound-
ary conditions on the hole, Neumann and Dirichlet (both homogeneous), were also considered. Therefore, the
topological asymptotic expansions (Eq. (1)) are given, respectively, by:
• for homogeneous Neumann boundary condition on the hole (Eqs. (25) and (29))wðXeÞ ¼ wðXÞ  pe2ruðbxÞ  ruðbxÞ þ 12pe4 detrruðbxÞ þRðe4Þ; ð37Þ
• for homogeneous Dirichlet boundary condition on the hole (Eqs. (33) and (36))wðXeÞ ¼ wðXÞ  p
log e
u2ðbxÞ þ pe2ruðbxÞ  ruðbxÞ þRðe2Þ: ð38Þ
Our main objective with the numerical experiments presented in this section is to compare the above asymp-
totic expansions Eqs. (37) and (38) with the value of the cost functional computed in the perturbed domain Xe,
considering or not the term associated to the second order topological derivative. In doing so, it will be pos-
sible to obtain, for example, an insight concerning the inﬂuence of the second topological derivative on the
estimation of the cost function associated to the perturbed domain with a hole of ﬁnite size.
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at point x* = (0.5,0.5) and radius e 2 {0.01,0.02,0.04,0.08}. The solutions u and ue, respectively, associated to
X and Xe, are approximated using the standard three node triangular ﬁnite element. In particular and for all
cases, the meshes were constructed maintaining the same number of elements ne = 120 along the boundary of
the hole for whichever value of its radius e. Since an automatic mesh generation was used, the following
expected size he for the elements was adopted for all mesheshe  2p
ne
kx	  xk: ð39ÞMoreover, we ﬁrstly compute the topological asymptotic expansion associated to the domain X at the point x*
for the above values of e. Then we eﬀectively create the holes with center at the ﬁxed point x* and compute the
cost function w(Xe) for each e. Finally, we compare the obtained numerical results.
4.1. Example 1
In this example, we have a body submitted to a temperature u = 0 on CD1 and CD2 , and a heat ﬂux q1 = 1 on
CN1 and q1 = 2 on CN2 , as shown in Fig. 1, where a = 0.2). In addition, the remainder part of the boundary
remains insulated.
4.1.1. Neumann boundary condition on the hole
Considering Neumann boundary condition on the hole, the topological asymptotic expansion obtained
for the original domain X and for the perturbed one Xe are shown in Fig. 3 and Fig. 4, respectively. We
observe that f2ðeÞD2Tw does not produce signiﬁcant changes in the results, at least from the qualitative
point of view. However, this term furnishes an important correction factor for the expansion as clearly
depicted in Fig. 2 showing, at the point x*, the behavior of the topological asymptotic expansion as a
function of e.
Therefore, when ﬁnite holes are introduced, which is an important requirement in several applications, we
can use, for example, this information to estimate:
• the size of the holes, according to the energy to be dissipated;
• the energy when creating holes of ﬁnite size.Remark 5. Considering a larger variation of e 2 {0.08,0.16,0.24,0.32}, we observe in Fig. 5 that the
estimation becomes bad only for very large holes.4.1.2. Dirichlet boundary condition on the hole
For Dirichlet boundary condition on the hole, the inﬂuence of the ﬁrst and second order term in the topo-
logical asymptotic expansion are shown in Figs. 6 and 7 for original and perturbed domains, respectively.Ω
a
a
a
a
ΓD2
ΓD1
ΓN2
ΓN1
x*
Fig. 1. Example 1.
Fig. 2. Estimation of w(Xe) considering ﬁrst and second order terms of the topological asymptotic expansion.
J.R. de Faria et al. / International Journal of Solids and Structures 44 (2007) 4958–4977 4965From these ﬁgures, we observe that f2ðeÞD2Tw produces signiﬁcant changes in the results only for the perturbed
domain Xe (this issue will be discussed again in the next example).
On the other hand, the behavior at x* of the topological asymptotic expansion as a function of e is shown in
Fig. 8. From this ﬁgure it follows that the asymptotic expansion gives a bad estimation for the cost function
for values of e greater than 0.01. However, Fig. 8 also suggests that the estimation, even though imprecise,
furnishes a good decent direction in optimization problems.
Remark 6. From a comparison between Figs. 2 and 8 we observe that the estimation in the case of Neumann
boundary condition on the hole is quite better than the one for Dirichlet boundary condition. This behavior
was expected for this example because the perturbation in the solution is more severe for the last case than for
the ﬁrst one as can be seen in Fig. (9).4.2. Example 2
In this example, the problem considered can be seen in Fig. 10, where we have a body submitted to a tem-
perature u = 0 on CD and a heat ﬂux given by a piecewise linear distribution on CN, with q1 = 1 and q2 = 2.
Further, homogeneous Dirichlet boundary condition on the holes will be considered. Due to the periodical
symmetry of the problem, only a part, denoted by X, is considered.
In this case, the holes can be interpreted as cooling channels in a heat exchanger. Then, we will
estimate the variation of the energy when the cooling channels (holes) are centered at the point x*
and, in a next step, at any point of the line deﬁned by a = 0.5, which can be seen as a constraint
in the problem.
The eﬀects of the ﬁrst and second order terms in the topological asymptotic expansion are shown in Figs. 11
and 12 for the original and perturbed domains, respectively. From the last ﬁgure, we observe that, for e = 0.04
and e = 0.08, while f1(e)DTw suggests the creation of a new hole, the term f1ðeÞDTwþ f2ðeÞD2Tw suggests a
growth of the cooling channel (see a detail for e = 0.04 in Fig. 13).
Nonetheless, it is important to mention that, formally the topological derivatives calculated in this
work are deﬁned only for interior points of the domain. Thus, according to Remark 4, we need to com-
pute the topological derivative deﬁned in interior ð8bx 2 XÞ and boundary ð8bx 2 oBeÞ points. Taking into
account the above consideration, the results obtained with only the ﬁrst order topological derivative for
e = 0.08 are shown in Fig. 14, which was enough to suggest that the cooling channel should be
expanded.
Fig. 3. Topological asymptotic expansion in the original domain X.
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Fig. 4. Topological asymptotic expansion in the perturbed domain Xe.
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Fig. 5. Estimation of w(Xe) considering the second order term of the topological asymptotic expansion for e 2 {0.08,0.16,0.24,0.32}.
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In this work, we have considered one more term in the topological asymptotic expansion that can be rec-
ognized as the second order topological derivative. Then, we have applied the topological-shape sensitivity
method as a systematic procedure to calculate the ﬁrst and second order topological derivative. In particular,
we have considered the Poisson’s equation, taking into account homogeneous Neumann and Dirichlet bound-
ary condition on the hole and the total potential energy as cost function. Finally, we have presented some
numerical experiments showing the inﬂuence of the second order topological derivative in the topological
asymptotic expansion. From these results, we have observed that the second order correction term plays an
important role in the analysis, allowing a more accurate estimation for the size of the holes and also a better
decent direction in optimization problems than the one given only by the ﬁrst order correction term.Acknowledgements
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In this section we give a justiﬁcation for the asymptotic expansions (Eqs. 23 and 30) adopted to calculate
the ﬁnal expressions for the ﬁrst and second order topological derivatives. The Euler-Lagrange equations asso-
ciated to the variational problems given by Eqs. (14) and (16) are, respectively, stated asDu ¼ 0 in X;
u ¼ u on CD;
 ouon ¼ q on CN ;
8><>: ðA:1Þ
and
Fig. 6. Topological asymptotic expansion in the original domain X.
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Fig. 7. Topological asymptotic expansion in the perturbed domain Xe.
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Fig. 10. Example 2.
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Fig. 8. Estimation of w(Xe) considering ﬁrst and second order terms of the topological asymptotic expansion.
Fig. 9. Solutions u and ue for e = 0.01.
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ue ¼ u on CD;
 oueon ¼ q on CN ;
aue þ ð1 aÞ oueon ¼ 0 on oBe:
8>><>>: ðA:2Þ
Fig. 11. Topological asymptotic expansion in the original domain X.
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Fig. 12. Topological asymptotic expansion in the perturbed domain Xe.
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Fig. 13. Detail of term f1ð0:04ÞDTwþ f2ð0:04ÞD2Tw of the topological asymptotic expansion.
Fig. 14. Correct values for the term f1(e)DT w for x^ 2 X and x^ 2 oBe, for e = 0.08.
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by power series of e (or log e). These kind of solutions provide good approximations when e! 0. Let us as-
sume that uD and uN are solutions of Dirichlet and Neumann boundary-value problems, given, respectively, byPD :
DuD ¼ 0 in X;
uD ¼ u on oX;

and PN :
DuN ¼ 0 in X;
 ouNon ¼ q on oX;
(
ðA:3Þwhere q satisﬁes the compatibility condition. Then we can deﬁne the Steklov–Poincare´ operator:
Deﬁnition 7. Let uD be solution of the Dirichlet problem PD, then the associated Steklov–Poincare´ operator
K:H1/2(oX)! H1/2(oX) is deﬁned asKðuÞ :¼ ou
D
on

oX
ðA:4Þthat can be analogously deﬁned for any part of oX with a Dirichlet data.
From these elements, we have that:
Proposition 8. Let uD be solution of the Dirichlet problem (PD) and q = K(u), then uN = uD, where uN is
solution of the Neumann problem (PN).
Proof. The proof of this result came immediately from the well-poseness of problems PD and PN. h
Therefore, we can transform the mixed problem given by Eq. (A.2) in a Neumann problem using the Steklov–
Poincare´ operator. In addition, we have an estimation for a Neumann problem given by the following theorem:
Theorem 9. Let ve be solution of a Neumann boundary-value problem given byDve ¼ 0 in Xe;
 oveon ¼ q1 on oBe;
 oveon ¼ q2 on oX;
8><>: ðA:5Þ
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oBe
q2dS ¼
Z
oX
q1dS ¼ 0: ðA:6ÞThen the estimativejvejH1ðXeÞ 6 C emaxoBe jq1j þmaxoXjq2jf g ðA:7Þ
holds, where constant C is independent of e and j  jH1ðXeÞ is used to denote a semi-norm (energy norm) in
H1(Xe).
Proof. See Kozlov et al., 1999. h
Now we are able to obtain the estimates used in the topological derivative calculation for each kind of
boundary condition on the holes.
A.1. Neumann boundary condition on the hole
Taking a = 0 in Eq. (A.2), we can propose an asymptotic expansion given byueðxÞ ¼ uðxÞ þ weðx=eÞ þ ~ueðxÞ: ðA:8Þ
Let us expand u(x) around bx, then its normal derivative on oBe can be expressed asou
on

oBe
¼ ruðbxÞ  n eDðruðbxÞÞðnÞ2 þ e2D2ðruðnÞÞðnÞ3
¼ ruðbxÞ  n erruðbxÞn  nþ e2D3uðnÞðnÞ3; ðA:9Þwhere n is an intermediate point between bx and x. Thus, function we(y), with y = x/e, is solution of an exterior
problem given byDwe ¼ 0 in R2 n B1;
we ! 0 at 1;
 oweon ¼ eruðbxÞ  n e2rruðbxÞn  n on oB1;
8><>: ðA:10Þ
which can be solved by separation of variables, that isweðx=eÞ ¼ e
2
kx bxk2ruðbxÞ  ðx bxÞ þ e
4
2kx bxk4rruðbxÞðx bxÞ  ðx bxÞ: ðA:11Þ
In addition, the discrepancy produced by we on oX and by the remainder term of the expansion e
2D3u(n)(n)3 on
oBe shall be compensated by eue. Therefore, eue satisﬁesDeue ¼ 0 in Xe;eue ¼ we on CD;
 @eue
@n ¼ @we@n on CN ;
 @~ue
@n ¼ e2D3uðnÞðnÞ3 on @Be
8>>><>>: ðA:12Þ
which is equivalent to the following oneDeuNe ¼ 0 in Xe;
 oeuNeon ¼ KðweÞ on CD;
 oeuNeon ¼ oweon on CN ;
 oeuNeon ¼ e2D3uðnÞðnÞ3 on oBe;
8>>>><>>>:
ðA:13Þthat is, considering Proposition 8, we observe that euNe ¼ eue. Finally, from Theorem 9, we obtain
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where the constant C is independent of e.
A.2. Dirichlet boundary condition on the hole
Considering a = 1 in eq. (A.2), we observe that the technique used in the previous section fails in this case
since the Dirichlet boundary value problem in R2 n B1 does not necessarily has a solution that decays at inﬁn-
ity. In order to avoid this problem, we will consider a ball BR, such that R e, and Be  BR  X. In addition,
let us adopt again the asymptotic expansion written asueðxÞ ¼ uðxÞ þ veðxÞ þ weðx=eÞ þ ~ueðxÞ; ðA:15Þ
where function ve(x) is given by Guillaume and Sid Idris, 2002veðxÞ ¼ uðbxÞð1 logðkxbxk=eÞlogðR=eÞ Þ; 8x 2 BR n Be;
0 8x 2 X n BR:
(
ðA:16ÞNow, considering the expansion of uðxÞjoBe around bx we have
uðxÞjoBe ¼ uðbxÞ  eDuðbxÞ  nþ e2D2uðnÞðnÞ2; ðA:17Þwhere n is an intermediate point between bx and x. We can observe that veðxÞjoBe ¼ uðbxÞ. Therefore, is natural
to deﬁne we(y), with y = x/e, as solution of an exterior problem given byDwe ¼ 0 in R2 n B1;
we ! 0 at 1;
 oweon ¼ eruðbxÞ  n on oB1;
8><>: ðA:18Þ
By separation of variables we haveweðx=eÞ ¼ e
2
kx bxk2ruðbxÞ  ðx bxÞ: ðA:19Þ
Thus, the restriction of ue(x) in the ball BR can be expressed asueðxÞjBR ¼ uðxÞ  uðbxÞ 1 logðkx bxk=eÞlogðR=eÞ
 
þ e2ruðbxÞ  ðx bxÞkx bxk2 þ eueðxÞ; ðA:20Þ
and eueðxÞ is solution of the following boundary value problem:Deue ¼ 0 in Xe;eue ¼ we on CD;
 oeueon ¼ oweon on CN ;eue ¼ e2D2uðnÞðnÞ2 on oBe:
8>><>>>: ðA:21Þ
In analogous way to the previous section, we can consider a new problem euNe given byDeuNe ¼ 0 in Xe;
 oeuNeon ¼ KðweÞ on CD;
 oeuNeon ¼ oweon on CN ;
 oeuNeon ¼ Kðe2D2uðnÞðnÞ2Þ on oBe;
8>>>><>>>:
ðA:22ÞThen, taking into account Proposition 8, euNe ¼ eue. Finally, from Theorem 9, we obtain the required estimative
given by,
J.R. de Faria et al. / International Journal of Solids and Structures 44 (2007) 4958–4977 4977jeuejH1ðXeÞ 6 Ce2; ðA:23Þ
where the constant C is independent of e.
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